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Abstract

Using a Fourier-Bessel representation for the fluctuating (turbulent) elec-
trostatic potential, an equation governing the sheared-flow modes in toroidal
geometry is derived from the gyrokinetic Poisson equation, where both the
adiabatic and non-adiabatic responses of the electrons are taken into account.
It is shown that the principal geometrical effect on sheared-flow modes of the
electrostatic potential is due to the flux-surface average of 1/B, where B is

the magnetic field strength.
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I. INTRODUCTION

It is now generallly accepted in the fusion community that low-frequency, small-scale
instabilities (eg. drift waves, lon Temperature Gradient-driven (ITG) modes) are major

t1’2

contenders for the anomalous, cross-field transpor observed in tokamaks® and stellara-

tors?

. There is some experimental evidence® that (equilibrium) sheared flows (or zonal
flows®) can have a strong impact on the turbulence-driven cross-field transport”. Therefore

an accurate calculation of sheared-flow modes in toroidal geometry is an important issue.

In this paper, sheared-flow modes in toroidal geometry are calculated from the gyrokinetic
Poisson’s (GKP) equation®. A change of coordinate system allows us to write the fluctuating
electrostatic potential in terms of Bessel-Fourier series. The case of a cylindrical plasma has
been considered by Li, Lee and Parker. In an unpublished report, these authors discuss
the solution of the full GKP in cylindrical geometry with circular magnetic surfaces and no
azimuthal magnetic field. By introducing a coordinate transformation, we extend the work
of Li and co-workers to toroidal geometry; furthermore, the main goal of this paper is to
consider the calculation of sheared-flow modes in toroidal geometry, rather than the solution
of the (full) GKP in toroidal geometry, which requires a numerical approach®. It is shown
that the principal geometrical effect on sheared-flow modes is due to the flux-surface average
of the inverse of the magnetic field strength. The paper is organized as follows; in section
I1, we introduce the gyrokinetic Poisson’s equation; magnetic, toroidal (Shafranov-like) and
cylindrical coordinate systems are discussed and the tranformation between guiding center
and particle coordinates are given in section III; in the same section, the flux-surface aver-
age of the GKP equation is derived and an equation governing the sheared-flow modes in

toroidal geometry is obtained; we conclude with some remarks in section IV.



II. GYRO-KINETIC POISSON EQUATION

Assuming that the Debye length is much smaller than the ion thermal gyroradius and

neglecting electron gyroradius effects, the GKP equation can be written as®!'%!*
cd OF

where ® = @ (r) — <<I)>gc (Rge, V), r = Ry + p is the particle position, R, is the guiding
center position, <...>gc denotes a gyrophase average keeping the guiding center position fixed,
p = € XV /w, is the ion gyroradius, € = B/ B is the unit vector along the confining magnetic
field, w. is the ion cyclotron frequency, p = vi / (2B) is the magnetic moment, F; is the (total)
ion guiding center distribution and n,. is the electron density. The aim of this paper is to
calculate the flux-surface-averaged component of the electrostatic potential, (®), from the
GKP equation (1) in toroidal geometry. The operation [dR,.][...]d (Rge — 1+ p) acts to
transform the guiding center variables {R,., v} to the particle variables {r,v}. Although
E <<I)>gc and B are functions of the guiding center variables, the integrand in equation
(1) also depends on the particle variable {r,v} through ®. We write the ion distribution

function as F; = Fjp (equilibrium) + §F; (fluctuation) and assume that the equilibrium part

of F}is Maxwellian

LRQgC) exp (_MB/Utzhi) / (Rgc,vn) J (2)

Fro = 2TUhy;
where v = (Tio (Rye) /mi)l/2 is the ion thermal velocity and f satisfies the normalization
condition [*° dv f (Rgc,vn) = 1. The volume element in velocity space is defined as
v = 21v, dv, dv). Assuming that [06F/0u| < |0F0/0u| and using Fo (Rye) & Fio (r) and
Tio (Rgc) =~ Tig (r), carrying out the integration over v)| in equation (1), the GKP equation

becomes

Tio (1)

eng (r)

[ (@), Veep (2V2/2) Vi = S () 3)

where V| = vy /vg is the normalized perpendicular velocity, (...) denotes a gyrophase

part

angle keeping the particle position fixed and



n_l—/ngc/dvF V)8 (Rye — 1+ p) (4)

can be calculated numerically by keeping the guiding center position fixed. The electron
density can be written as ne = n(» + n) where n{®» and n(N) are, respectively, the
adiabatic and non-adiabatic parts of the electron density. The adiabatic response if of the

form n(*) oc ® — (@), where {...); denotes an average over the magnetic surface (see next

section).

III. MAGNETIC AND TOROIDAL COORDINATES

We consider a fully 3-dimensional configuration with closed, nested magnetic surfaces.

The confining magnetic field B is written in straight-field line coordinates {ﬁ, 0, E} as
B=VaxVV, (5)

where o = ( — ¢f is the field line label, 27V is the enclosed poloidal flux, § is the magnetic
poloidal angle and ( is the magnetic toroidal angle. The radial label is denoted 7 and,
by definition, B-Vp = 0. There is some freedom in specifying the radial label; here, for
convenience, we define p = \/¢T/¢(Tb), where 7 is the toroidal flux enclosed within the
magnetic surface, and ¢(Tb) is Y1 evaluated at the plasma boundary. By construction the
radial label runs from 0 (magnetic axis) to 1 (last closed magnetic surface). The magnetic
surfaces can be specified in cylindrical coordinates; for instance, in the equilibrium code

VMEC!13 an expansion in Fourier series is used

. Mmar +Nmas
R, =R, (ﬁ,@, f) = Z Z Ryn cos (Opn)
M=0 N=—Nmax
. Mmar +Nmas
7 =7 (ﬁ 0 () Z Z Zmn sin (Opn) (6)
M=0 N=—Npax
Mmazr +Nmax

> barn sin (Oarn)

Per M=0 M=—Nnmaz

¢1:¢l(ﬁ E)_C—

where Oy = MO + NperNE and Nper 1s the number of field periods of the configuration.

For intermediate analytical calculations, it is convenient to work with the local toroidal
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coordinate system {rp,0;,¢r} shown in Fig 1. In the plane ¢ = const, the cylindrical

radius Ry and the height 7 are

Ry = Rg + rp cos by,

ZL =T sin@L . (7)

Here Ry is the average radius of the magnetic axis defined as
1 2T _ 27T _ s
Ry = — / do [ dCRy (p=0,9.7) . (8)
2 Jo 0
This definition is convenient for configurations with helical magnetic axis (e.g. heliac-type
configurations). The curve r;, = const describes a circle in the plane ¢ = const. Note that
in general VpXVry # 0, so that B-Vry, # 0 along the r;, = const curve. Using equations

(6), one can invert equations (7) to get

tan 0y, (ﬁ, 0, f) = _) (9)
and

(10)
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where the explicit dependence on the magnetic coordinates {ﬁ, 0, E} is shown. Although
the inverse transformations (9,10) are exact, the fact that, in general, VpX Vry # 0, com-
plicates the representation of the fluctuating electrostatic potential ® in the gyrokinetic

Poisson equation. As we shall see below, it is convenient to introduce a flux surface-

averaged toroidal system {r,0,¢}. The radial label is defined as r = <rL (ﬁ, 0, E)>S Ja

where a = <rL (ﬁ =1,0, E)>S and (...)¢ denotes an average over the magnetic surface. For
{

an arbitrary function F', (F') is defined as

27

(Pstp)= 5 [, 4 [ 07 (0.0 (7.0.3) (1)

where J = [Vﬁ- (V@XVﬁ)}_l is the Jacobian of the transformation and
2T _ 2T _ s
A= [T [ a0 (7,0.0) (12)
0 0
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is the area of the magnetic surface p = const. For a configuration with a single magnetic
axis, the relation r = r (p) is monotonous in p and it can be easily inverted. Then we may
write the fluctuating electrostatic potential as

¢ = Z Z D@rn S (i) exp [t (M8 + no)] (13)

=1 mn=—0c0

where f3,,; is the [*' zero of the Bessel function of order m. We note that, locallly, # and
¢ in the above equation are dependent on the magnetic coordinates {ﬁ, 0, E} Multiplying
equation (13) by rJ, (Bmur)exp (—imb — ing) and integrating over r,0 and ¢ yields the

coeflicients @y,

P = 5T 5 /dr/%dé/% (Boir) exp (—imb — ind) ® (r,0,8)dé . (14)

where we have used the relation of orthogonality'® of Bessel functions

(a—f)

2 v (@] (15)

/01 rdy(ax)Sy(fa)de =

The difficulty in calculating the flux-surface average of the GKP equation (1) arises in the
<<<I)>gc> term. In particular we must transform back and forth between particle and
guiding center variables; it is then convenient to use the cylindrical coordinates {R, Z, ¢}
and the local toroidal coordinates {r,8, ¢} (right-handed in that order). It is easy to show

the unit vectors in the local toroidal coordinates can be written as

T =cosf R—I—sm@Z +cosfcospX —cosfsingy +sinfz

cos@i—sin@ﬁ:—sin@cosgbf(—l—sin@sinqbff—l—cos@i (16)

)
I

(,%:—sinqbf(—cosqbgf.

Then one can use the set (rg, 0o, o) to label the guiding center position, and the particle

position r (r, 8, ¢) = Ry (10,00, ¢o) + p can also be written as (Fig 2)
Roﬁ + T = ROﬁgc + Tofo + P, (17)

where f{\gc = cos ¢p X — sin ¢ y. Noting that the particle velocity can be written as (Fig 3)
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vV =€+ vL (cos ©n + sin c,oB) ) (18)

where & = [VW/(VU-VW)"?]

0.c is the unit normal vector, € = B/B is the unit
r0,Y0,60

vector along B, b = {énxﬁ} is the unit binormal vector, and ¢ is the gyroangle, the

7’0700@0
components of equation (17) yield [neglecting corrections O (p*/R3) and higher]

Ao~ 20 (19)

where, as before, R = Ry + rcos @ is the cylindrical radius; and

1 1
rcos A0 —p costy =g

rsin A0 —p sing” =0. (20)
where we have introduce the new variables p” and " such that

,0“ sin ¢” = psin ¢ (B@O) + pcosp (ﬁoao)

pcosp” = pcost (o) + psinh (A-fo) (21)
and ¢ = ¢ — 37/2, Using the Fourier-Bessel representation (13) and taking into account
equations (19,20,21) on can show that (appendix A)

<<<I>>gc>part = f: i O exp (1mb + ing) { i (—1)k gy (ﬁml,o”) gy (ktp”)

=1 m,n=—00 k=—oc0

XStk (Brar) Jo @P”) + % P’ i (—=1)" J (5m1,0“) J (ktp‘”)

k=—c0

<Lt (Bor) = Tt (B [ (a0) = S ()] } . (22)

Here k¢ = ng/ R, where g = (B(}o) / (B-éo), is the toroidal wavenumber; k, = m/r is the
poloidal wavenumber; k= ky + ki and 2y = @ + 1/r) p". In the limit By — 0, it can be

shown (appendix B) that equation (22) reduces to

(®)) =3 3 Buuwexp(imb +ind) L (uur) Jo* (Guip) (23)
[=1 m,n=—o00

which is the expression derived by Li et al. Unlike the cylindrical case, we note that

<<<I)>gc> . depends explicitely on the poloidal and toroidal wavenumbers. Substituting
par

7



¢ [equation (13)] and <<<I)>gc> . [equation (22)] in the GKP equation (3), using the inte-
par

gral representation of the Bessel functions'* and carrying out the integration over V| yields

(appendix B)

fjcp,oo {JO (Borr) |1 —exp (—CE/2)| + % Ty (Borr) € (1 - %12 ) exp (—0,2/2)} =D(r), (24)

=1

where C; = Boi (pi) ¢; here (p;) ¢ is the flux surface average of the ion thermal gyroradius and

e

the right-hand side, D (r) = Tio {<n_i>5 — <n(NA)>S} / (eng), can be evaluated numerically. In
deriving the expression for D (r) we have taken into account the fact that n{*) oc ® — (@)
so that <ngA)>S = 0. In equation (24), corrections O {(<Pi>5 /T)Z} <« 1 and higher have been
neglected. Since (pi)s o< (1/B)g, it is clear from equation (24) than the principal geomet-
rical effect on sheared-flow modes is due to the flux-surface average of 1/B. However this
geometrical dependence is nonlinear. Finally it is worth pointing out that the coefficients of
P00 tend asymptotically towards zero as C; — 0, as it should be; the limit C; — 0 (which
is the counterpart of ki p; — 0 in slab geometry) correspond to modes that cannot have a
radial structure. If higher-order corrections were to be taken into account, the coupling be-
tween the @110 modes and flux-surface averaged equilibrium quantities should be retained
in equation (24). Therefore the calculation of sheared-flow modes in low-aspect-ratio con-
figurations (e.g. spherical tokamaks) would require a different approach than presented in

this paper.

There are various mechanisms that can excite sheared-flow modes in toroidal geometry.
For instance, it has been shown by Diamond and Kim that the poloidal flow in a toroidal
plasma can be accelerated when there is a gradient in the turbulent Reynolds stress'®. As
shown by Diamond et af, zonal flows can be generated by modulational instability of a
drift-wave turbulence and, in turn, regulate the turbulence. Furthermore any mechanism
that can influence the fraction of non-adiabatic electrons can also modify the sheared-flow
modes, through a modification of the ‘source term’ on the right-hand side of equation (24);

the relative importance of the non-adiabatic electrons is of course model dependent.
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IV. CONCLUDING REMARKS

In this paper, an equation governing sheared-flow modes in toroidal geometry has been
derived. By introducing a local system of Shafranov-like toroidal coordinates and by using
a Fourier-Bessel representation (which exploits the toroidicity of the configuration) for the
electrostatic potential, the flux-surface average of the gyrokinetic Poisson has been obtained.
It has been shown that the principal geometrical effect on sheared-flow modes is due to
(1/B)g, where {...)s. The equation for sheared-flow modes (24) can be solved numerically

by quadrature.



APPENDIX A: GYRO-PHASE-AVERAGED ELECTROSTATIC POTENTIAL IN

TOROIDAL GEOMETRY

The basic coordinate systems used in this Appendix are the cylindrical coordinates
{R,Z,¢} and the local toroidal coordinates {r,0,¢}. The unit vectors in cylindrical co-
ordinates can be decomposed onto a local Cartesian system: R = cos¢ X — sing Yy,
(,% = —sing X —cos¢ y and Z = 7. The unit vectors in the local toroidal coordi-
nate system {r,0,¢} can now be determined; since ¥ and (,?3 are orthogonal, we note that

T = (fﬁ)ﬁ—l—(fi) 7 and 8 = (,%Xf so that ¥ = cos ¥ ﬁ—l—sin@ 7 and @ = cos§ Z—sinf R.

In explicit form, we have

+cosfcosp X —cosfsingy+sinfz

=D
Il

S~}

= —sinfcos¢ X +sinfsingy + cosb z (A1)

(,%:—sinqbf(—cosqbgf.

The particle position vector, r, can be written as r = Ry + p, where Ry = Ry (10, 00, ¢0) is
the position of the guiding center and p = € X Vv /w, is the gyroradius vector; here &) = B/ B
is the unit vector along B. The local unit vectors associated with R, are similar to Eq (A1)

with the replacement 6 — 6y and ¢ — ¢o. Then we obtain

= (cosf cos By cos A+ sin B sin by ) Fo + (sin # cos By — cos § sinfy cos Ae) 8,
+ cosf sin Ad @,

8 = (cosf sinfy — sinf cosfy cos Ad)To + (cosd cos by + sind sinfy cos Ag) b,
— sinf sin A¢ ¢,

b = —cos by sin A T + sin by sin A¢ 8y + cos Ad (,?50 . (A2)

where A¢ = ¢ — ¢o. The particle velocity can be written as v = vje;+v. (cos wn + sin c,oB),

where fi = [VU/ (VU-V)!/?|

0.c is the unit normal vector, €| = B/B is the unit vector
r0,Y0,60

along B, b = {énxﬁ} is the unit binormal vector, and ¢ is the gyroangle (Fig. 2).

7’0,00,(0
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Then we may write the gyroradius vector as p = w_! (éll XV) =p (cos c,oB — sin c,oﬁ), where

p = vy /w.. Without loss of generality, the relation r = R,. + p can be written as
Roﬁ + T = ROﬁgc + Tofo + P, (Ag)

where ﬁgc = cosgg X — singy y. Taking the scalar product of equation (A3) with fo,éo
and (,?30, noting that ?R\gc-(,%o = fo-(,%o =0, ﬁ"%o = cos 0 f-(,%o —siné a-(,%o = sin Ag, Rt =
cos 8 ¥y — sin a-fo = cos fy cos Ao, ﬁ-éo = cos 0 f-ao — sin § é-éo = —sinfy cos Ao,

neglecting corrections O (p*/R3) and higher we get

. P'Q%O
A¢p =
sin A¢ 7
rcos (0 — 6y) — ro = pTo (A4)

rsin (0 —6y) = p-ao )

The geometrical effects are contained in the p-ro, p-ao and p-(,%o terms. Introducing a new

gyroangle 1) = ¢ — 37 /2, we obtain the following set of equations

rcos A — pcosth (NeTy) = 1o+ psine (B-fo)

rsin A — psin (Béo) = pcost (ﬁ-ao) (A5)
It is convenient to introduce new variables p” and ¢" such that

,0” sing” = psin ¥ (Béo) + pcosy (ﬁ-éo)
p cost = pcost (iFy) + psin g (A-fo) (A6)
Then we may re-write equations (A5) in a simpler form
rcos A0 — p' cos’ =g
rsin A0 —p sing” =0 . (A7)

Using (A4) and ¢ = ¢ — 37/2, we note that A¢ ~ p {Cos;/) (ﬁ°$o) + sin ) (B(,%O)} /R; in a
tokamak with By < By, one gets b — 8, so that A¢ +— 0 and the problem is essentially

two-dimensional. To leading order, one can show that
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H
. "
AG~ P sin )
To
H H

A~ f% cos ) + g% sine)” | (A8)

where

)
)

=
-

[

)| 5
=)

9 and ¢ = —29 . A9
. 8= 50, (A9)

In a low-3 tokamak plasma with circular magnetic surfaces, f = 0and g ~ By/ By = O (¢) <
1, where ¢ is the inverse aspect ratio. It is easy to see that f is related to the non-circularity
of the magnetic surfaces; in general, we expect f < ¢ (at least in the average sense). In the
complex plane, equations (A7) can be written in compact form as

rexp (1) = p exp (i;/)“ + i@o) + roexp (16p) . (A10)
For an arbitrary function F', we define (F') = (2#)_1 T F (r, 0,6, ) dp (for fixed guiding

gc

center position) and (F') (2m) " [37 F (ro, 00, 0, @) de (for fixed particle position). For

part =

fired guiding center (fixed rq, g, o), one can use Graf’s theorem'®

Iy (w)exp (iN9) = i Ingk (w) S (v)exp (1ka) (Al1)

k=—c0

1/2

where u,v,w and « satisfy w = (u? +v? —2uvcosa)’", u —vcosa = wcosh, vsina =

wsin b, to get
o Buuir) exp[im (0 = 00)] = > St (Braro) Ji (Buip”) exp [—ik (z +¢")] . (A12)
k=—cc
Similarly, for fized particle position, Graf’s theorem (Al1l) yields

o (Bmiro) exp [im (6p — 0)] = i Jotre (Brur) Ji (ﬁml,o”) exp {zk ((9 — 0y — ;/)”)} . (A13)

k=—cc
We multiply equation (A12) by exp (in¢ + imby) = exp (ingo + imby) exp (inA¢) and
operate with (...),. on the resulting equation

(o (Bir) exp (im8 + ingb)}gc = exp (1mby + ingo) i Tk (Bmiro) Ji (ﬁmlp”)

k=—c0

X <exp (inAg¢)exp {—ik (7‘[‘ + ;/)“)D (Al4)

gc
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Taking into account |f| < |g|, we may write inA¢ ~ ke’ sintp”; here k, = ng/R is the

toroidal wavenumber where, as before, R = Ry + r cos # is the cylindrical radius. Then

(o (Bpur) exp (imb + ingb)}gc = exp (1mby + ingy) i Tk (Baro) Ji (ﬁml,o”) exp (—ukm)

k=—c0

X <eXp (ikt/)” sin ¢H - ik¢//) >gc

= exp (imbo + indo) > (1) Tk (Buiro) Ji (Buip”) J (kep") (A15)

k=—c0

= exp (1mf + ind) [exp (—imAf) exp (—inAg)

X f: (—1)k Itk (Briro) i (6mlp”) P (kt/)”) )

k=—0o0
where we used the integral representation for Bessel functions!?

1 I —N I
In(x) = — /0 cos (zsinf — NO) df = ZT /0 exp (ix cos f) cos (NO) df . (A16)

s

Using the recurrence relation'®, dJy/dz = [Jy_1(x) — Jy41(2)] /2 (for N integer), we may

write and

Ik (Briro) = Jogi (Brur) + % P cos M [Jnmgrrr (Boit) = Jpahet (Bour)] 4+ .., (ALT)

in equation (A15); operating with (...)

**/part

(keeping r,0 and ¢ constants) on the resulting

equation, one gets

(o (Brr) exp (imf + ing)) . )

part

= exp (1mf + ing) { i (_1)k I (5ml/’”) Jk (ktpﬂ)

k=—c0

X Stk (6mlr) <eXp (—imA@ - inA¢)>paI‘t
+ % P> (=1 Tk (Baap”) Tk (k")

k=—cc
X [Jm+k+1 (6mlr) - Jm-l-k—l (6mlr)]
x (cos Aexp (—imAl —inA¢)) .+ ... } (A18)

where A = A0 — " and mAf0 ~ kyp'siny”, where k, = m/r is the poloidal
wavenumber. Let k = k, + k and use the integral representation (A16) to show that
(exp (—imA0 — inAg)) ., = Jo (kp"). Write cos X = [exp (i) + exp (—i))] /2 to obtain
(cos Aexp (—imAf — inAg)) =

part -
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<exp (—i:z;_ sine)” — i¢//)>part /2+ <6Xp (—i:z;_|_ sinep” + i;/)”) >part [2 =[N (xq)— 1 (22)]/2,

where 4 = @ + 1/r) p". Combining the above results we can write

((Jo (Buar) exp (imb + in@)) ) = exp (imf + ind) { S (=08 e (Buie”) Ji (ki)

k=—c0

XStk (Brar) Jo @P”) + % P’ i (—1)" J (5m1,0”) J (ktp‘”)

X [Ttk (Bonir) = it (Bur) [ (24) = Sy ()]} (A19)

For the case of a strong toroidal magnetic field, the above result [Eq (A19)] can be con-
siderably simplified. In the limit By — 0, we note that €, = B/B — (,?30, b — 8y and

A¢p = ¢ — ¢ — 0. Using equation (A12), we have

(S (Bour) exp (1mb + ing)) . = exp (imbo + ind) Ju, (Bauro) Jo (ﬁml,o”) ) (A20)

since <exp {—ik (7‘[‘ + ;/)”)D = d (k). Operating with (...) ., on equation (A20) and using

gc

equation (A13), we get

<<Jm (Byur) exp (imb + in¢)>gc> = exp (ine) (exp (1mby) J, (6mlr0)>part Jo (ﬁml,o”)

= exp (1mf + ing)
. < S et ) I (B e [k (6 — 0 — ¢")}> Iy (Bud”)
k=—co part
= exp(im+ind) 3" s (Buar) Ji (Buie”) Jo (Buar”)
k=—00
< (exp [ik (0= =0")])
= exp (1m0 + ind) Jp (Bmir) Jo* (ﬁml,o”) , (A21

which is the expression derived by Li et al.
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APPENDIX B: FLUX-SURFACE AVERAGE OF THE GKP EQUATION

In the local toroidal system {r, 0, ¢}, the surface average of F' is

1 2 2

(Fyg=5 [ do [ doF(r0.6)7 (r,0) . (B1)

where J = [Vr+ (VX V)™ = r(Ry + rcosh) is the Jacobian of the transformation and

= 2T de [7TdOT (r,0) = 4m*r Ry is the area of the magnetic surface. Then we note that

(exp (imf +in¢)) g = 0 (n) d (m )+m5( n)[d(m+1)+d(m—1)], (B2)

where the second term on the right-hand side is a finite-toroidicity correction. The sur-

ace average of { ® involves terms of the form (.Jg ] . exp (1mf +n
it ge of (O | { the f Jp () S (G) J, (H 0 10

part part?

where, in general, F' = F (r,0,¢), G = G(r,0,¢), H= H (r,0,¢), and k,[,m are integers.

Without loss of generality, we can write

F(T,@,gb):F(l—f) ’ (Bg)

where F(r) = (F)g is a flux surface quantity, and f(r,0,¢) =1 — F (r,0,¢) /F. Similarly
one may write @ = G (1 —g) and H = H (1 — h); by construction, we note that (f)g =
(9)s = (h)g = 0. Typically the ratio ‘f/F‘ is of the order of the inverse aspect ratio. Using

a Taylor expansion

BB = Je (F) 4 L [ () = s ()] + (B4)

and similarly for J; (G) and J,,, (H), we obtain (neglecting higher-order corrections)

(i (F) Ji (G) o (H) exp (imb + ing)) s = J. (F) J (G)J ( ) {exp (imf + ind));
% I (F) 30 (G) s () = Jua (T)] (B (1,0, &) exp (imf + ing)) g
L (7)o (1) i (B) — s ()] 000005 i 5 )

J

+% S (@) T () [Jigr () = i (F))] (F (1,0, 0) exp (imb + ing))g + ... (B5)

Then, to leading order, the flux-surface average of <<T)> . becomes
par
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(@) =X Y ¥ @zmn{ (Boir) = 32 (=1)F i (Bt 1 Vil I o) V2

=1 m=—0c0 n=—00 k=—o00
6ml
4

(pi)s Vi i (=1)" Tk [Bunt (pi) s Vi) i [(kepi) s Vi

=—00

Tk (Bour) Jo “<%Pi>s VJ_} +

[Jrntitr (Bonir) = gt (Bour)] [J1 (4 Vi) = S (y- Vi) + ..} {exp (imb + ind)) s, (B6)

where yy = [(m £ 1) /r +n/Ro] (pi)g. Here (p;)q is the surface-average of the ion thermal
gyroradius p; = vehi/w.. Since the toroidal wavenumber ky o 1/R, we note that (kipi)s #
ke (pi)s. Equation (B6) can be simplified by using the following properties'* of the Bessel
functions Jy (z) ~ (z/2)" /T (N + 1) for |z| — 0, and J_y (2) = (—1)" Jy (z); whereas the

integral representation (A16) shows that Ji(0) = d(k). We obtain

501 ,0/7“

<< >part> Zq)lool (Borr) = Jo (ot (pi) s Vi) Jo (Borr) + > T(2) VEJL (Bor) Jo (Bor (pi)s Vi) + ...

Substituting equation (B7) in the GKP equation (3) we get

g}q)loo [JO (Bair) — Jo (Bar) [/000 Viexp (_VE/Q) Jo (Boi <Pi>s Vi) dVJ_]

Bot {pi)s’ /7 o To /_
+5 < r>(52) Jy (Boir) [/0 Viexp (=VE/2) Jo (o <,oi>va)de] +..]= en(; (7 — M) - (BS)
The first integral on the left-hand side of equation (BS8) is of the form'®
L,(a,p) = /OO "t exp (—oz:z;z) J, (Px)dx = B exp —6—2 : (B9)
7 0 (2@)”"'1 4o

Noting that

/OOO z3 exp (—oz:z;z) Jo (Br)de = —8'608(276) = 2;2 (1 — f—a ) exp (—f—a ) , (B10)

we obtain an equation governing the sheared-flow modes in toroidal geometry

2

=1

where C; = By (pi)s and D (r) = Tjo {<n_i>s — <n2NA)>S} / (eng).
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fjcp,oo {JO (Borr) |1 —exp (—C2/2)| + % Ty (Borr) € (1 - % ) exp (—cf/z)} =D (r) , (Bll)
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Figure 1 Cylindrical coordinate system (R, Z,#) and local toroidal coordinate system
(rp, 01, 1, = ¢) in toroidal geometry. A magnetic surface p = const (plain line) and a

tokamak-like magnetic surface (dotted line) are shown.

Figure 2 Using the local coordinate system (Figure 1), the particle position, r, and its
guiding center position, R, can be labeled by (7,8, ¢) and (R, 6o, ¢o), respectively.
Here r = (r-r)1/2 and Ry, = (RgC-RgC)l/z.

Figure 3 The perpendicular component of the particle velocity can be written as v, =
on (cos wn + sin c,oB), where n is normal to the magnetic surface, and b o« Bx1i is the
binormal vector. The gyrradius vector, p, is defined as p = (B/B) XV /w. where w, is

the cyclotron frequency.
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FIG.1 Lewandowski et al
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FIG.2 Lewandowski et al
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FIG.3 Lewandowski et al
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